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Abstract. In this paper, we first introduce a new concept of dual quermassintegral 
sum function of two star bodies and establish Minkowski’s type inequality for dual 
quermassintegral sum of mixed intersection bodies, which is a general form of the 
Minkowski inequality for mixed intersection bodies. Then, we give the Aleksandrov- 
Fenchel inequality and the Brunn-Minkowski inequality for mixed intersection bodies 
and some related results. Our results present, for intersection bodies, all dual inequali¬ 
ties for Lutwak’s mixed prosection bodies inequalities. 
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0. Introduction 

One might say the history of intersection bodies began with the paper of Busemann 
Bl . Intersection bodies were first explicitly defined and named by Lutwak CD. It was 
here that the duality between intersection bodies and projection bodies was first made 
clear. Despite considerable ingenuity of earlier attacks on the Busemann-Petty problem, 
it seems fair to say that the work of Lutwak CD represents the beginning of its eventual 
solution. In CD, Lutwak also showed that if a convex body is sufficiently smooth and 
not an intersection body, then there exists a centred star body such that the conditions of 
Busemann-Petty problem holds, but the result inequality is reversed. Following Lutwak, 
the intersection body of order i of a star body is introduced by Zhang ED . It follows from 
this definition that every intersection body of order i of a star body is an intersection body 
of a star body, and vice versa. As Zhang observes, the new definition of intersection body 
allows a more appealing formulation, namely: the Busemann-Petty problem has a posi¬ 
tive answer in n-dimensional Euclidean space if and only if each centered convex body is 
an intersection body. The intersection body plays an essential role in Busemann’s theory 
0 of area in Minkowski spaces. The intersection body is also an important matter of the 
Brunn-Minkowski theory. 

In recent years, some authors including Ball f TETl . Bourgain 13J, Gardner li6l7l8l . 
Schneider Da and Lutwak 11211311411511611 71181 have given considerable attention 
to the Brunn-Minkowski theory and their various generalizations. The purpose of this 
paper is to establish the Minkowski inequality for the dual quermassintegral sum, which 
is a generalization of the Minkowski inequality for mixed intersection bodies. Then, 
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the Brunn-Minkowski inequality and the Aleksandrov-Fenchel inequality for mixed 
intersection bodies are proved and some related results are also given. In this work we 
shall derive, for intersection bodies, all the analogous inequalities for Lutwak’s mixed 
projection body inequalities ED Thus, this work may be seen as presenting additional 
evidence of the natural duality between intersection and projection bodies. 


1. Notation and preliminaries 

The setting for this paper is an ^-dimensional Euclidean space R" (n > 2). Let C„ denote 
the set of non-empty convex figures (compact, convex subsets) and let ■Zf" denote the 
subset of C„ consisting of all convex bodies (compact, convex subsets with non-empty 
interiors) in R". We reserve u for unit vectors, and B for the unit ball centered at the origin. 
The surface of B is S" . For u £ S" ~ 1 , let E„ denote the hyperplane, through the origin, 
that is orthogonal to it. Let K u to denote the image of K under an orthogonal projection 
onto the hyperplane E u . We use V(K) for the ^-dimensional volume of convex body K. 
The support function of K £ JfT", h(K, ■), defined on R" by h(K, •) = max-jx-y : y £ K}. 
Let 8 denote the Hausdorff metric on JfT"; i.e., for K.L £ JfT", 8(K.L) = \Jik — 
where j • |c*, denotes the sup-norm on the space of continuous functions, C(S" ' ). 

Associated with a compact subset K of R”, which is star-shaped with respect to the 
origin, its radial function p(K,-): S n ~ l —■>R, defined for u £ S" -1 , by p (K , u) = max{A > 
0 : A u £ K}. If p(K, •) is positive and continuous, K will be called a star body. Let <p" 
denote the set of star bodies in R". 

1.1 Dual mixed volumes 

If K\,...,K r £ <p" and Ai,...,A r £ R, then the radial Minkowski linear combination, 
Ai£)+ • • • +A r K r , is debited by AiA'i+ • • • +A ,K r = {Aixi + • • • +X r x r : x t £ Kj}. 

The following property will be used later. If K,L £ <p“ and A. II >0, 


p(ZK+pL,-) = Ap (K,-) +pp(L,-). 


( 1 . 1 . 1 ) 


For K \,... ,K r £ cp" and A|,.... A,- > 0, the volume of the radial Minkowski linear combi¬ 
nation Z\K\ + ■ ■ ■ +A ,K r is a homogeneous nth-degree polynomial in the A; ED, 


V{\ l K l + ---UrK r ) =YViu..,inK-K> 


( 1 . 1 . 2 ) 


where the sum is taken over all n-tuples i n ) whose entries are positive integers not 

exceeding r. If we require the coefficients of the polynomial in (1.1.2) to be symmetric in 
their arguments, then they are uniquely determined. The coefficient Vjj,...,,,, is non-negative 
and depends only on the bodies k, ,..., K in . It is written as V(K^ ,..., K, n ) and is called 
the dual mixed volume of K :] ,.... K hl . If K\ = ■ ■ ■ = K n -i = K, K n _, + 1 = ■ • • = K n = L, the 
dual mixed volumes is written as ViiK.L) and the dual mixed volumes V,(K. B) is written 
as Wi(K). 


For K,L £ (p" and i £ R, the zth dual mixed volume of K and L, Vi{K,L ), is debited by 
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From the above identity, if K £ <p", i £ K., then 



(1.1.3) 


If Ki £ (p n (i = 1,2, ... ,n — 1), then the dual mixed volume of KjCiEu (i=l,2,...,n—l) 
will be denoted by v(K\ C\E U ,.... K n _ \ DE U ). If K\ = ■■■ = K n _\_i = K and K n -i = ■■■ = 
K„^i = L, then v(Ki <1E U ,... ,K n -1 HE,,) is written as Vi(Kr\E u ,LC\E u ). If L = B, then 
Vi (K n E u , B fl E u ) is written as wfK n E u ). 

1.2 Intersection bodies 

For K £ <p", there is a unique star body IK whose radial function satisfies for u £ S n , 


p(IK,u)=v(KDE u ). 


( 1 . 2 . 1 ) 


It is called the intersection bodies of K. From a result of Busemann, it follows that IK is 
a convex if K is convex and centrally symmetric with respect to the origin. Clearly any 
intersection body is centred. 

The volume of the intersection bodies is given by V (IK) = jj f s „-1 v(KnE u ) n dS(u). 

The mixed intersection bodies of K\,...,K n _\ £ (p’\ I(K\,... ,K n _i), whose radial 
function is defined by 


p(I(K u ...,K n -i),u) =v(K i r\E u ,...,K„-ir\E u ), 


( 1 . 2 . 2 ) 


where v is (n — l)-dimensional dual mixed volume. 

If K £ tp" with p (K, u) £ C(S n ~ l ), and i £ R is positive, the intersection body of order i 
of K is the centered star body I,K such that 0 p(IiK) = ^Jr-ipiK^y-^dSiu), for 
u £ S n ~\ where fK = I(K ,... ,K,B ,... ,B). 


n—i— 1 


If /Ci = ■ • • = K n -i-\ = K,K n ~i = •• • = K n -\ = L, then I(K\,... ,K„-\) is written as 
Ii(K,L). If L = B, then IfK. L) is written as I,K and is called the /th intersection body of 
K. For h)K simply write IK. The term is introduced by Zhang ED. 

The following properties will be used later: If K. L. M ,K\.... ,K n \ £ tp" and 
A,ju,Ai,... ,A„_i > 0, then 


I(XK+pL,M) = kI(K,M)+pI(L,M), where M = (K u . 
I(hK u ...,Xn-iK„-i) = Ai ■ ■ ■ K-iI(K u ... ,K n . i). 


K n -2). (1.2.3) 
(1.2.4) 


2. Main results 


The following results will be required to prove our main Theorems. 
Lemma A. If K,L £ (p n , 0 < i < n and 0 < j < n — 1, then 
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To prove this, we use (1.1.3) in conjunction with the fact (1.2.2). 

Lemma B. f!4l . If K\.... ,K n £ (pfthen 

V(Ki ,... ,K n ) r < n V(Kj,... ,Kj,K r+l ,... ,K n ) 
j= i '---' 

r 

with equality if and only ifK \,..., K„ are all dilations of each other. 

We shall need the following trivial elementary inequality. 

Lemma C. If a ,b > 0 and c,d >0, then for 0 <P< 1. 

(a + b) p {c + d) l ~ p > a p c p ~ l +b p d p ~\ 

with equality if and only if ad = be. 

Proof. Consideration the following function 

/(x) = (x + b) p (c + d) l ~ p —x p c l ~ p , x > 0. 

Let f{x) = p(c + d) 1 ~ p (x + b) p ~ l — pc l ~ p x p ~ l = 0, we get x = bc/d. If x £ (0, ^), 
then f'(x) < 0; if x £ (^, +°°), then f'{x) > 0. It follows that 

s {/w > 

This completes the proof. □ 

2.1 The Minkowski inequality for dual quermassintegral sum of mixed intersection bodies 

In d, Leng introduce the concept of i-quermassintegral difference function of convex 
bodies as follows: If K,D G Jff n and D C K, then /-quermassintegral difference function 
of convex bodies K and D, D w . ( K,D ), is defined by 

D Wi ( K,D)=Wj(K) — Wj(D) (0 < i < n - 1). 

In the section, we first introduce a new concept, dual quermassintegral sum function, 
as follows: 

If K, D £ <p", then the dual quermassintegral sum function of star bodies K and D, 
SwfK.D), is defined by 

Sw t {K,D) = Wj(K) +Wi(D) (0 < i < n - 1). 

When i = 0, we have S V (K,D) = V(K) +V(D), which is called the dual volume sum 
function of star bodies K and L. 

The following Minkowski inequality for mixed intersection bodies will be established: 
If K,L £ <p", and 0 <i <n and 0 < j < n — 1, then 

W,(Ij(K,L)) n - 1 <Wi(IK) n -j^W,(ILy, (2.1.0) 

with equality if and only if K and L are dilates. 
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This is just the special case D = D' = 0 of the following inequality. 

Theorem 2.1.1. If K,L,D,D' G < p n . Let D 1 is a dilate copy of D, and 0 < i < n and 0 < 
j < n — 1, then 

Sw, (/ j(K,L),Ij(D.D ')) n ~ 1 < S Ai {IKJD) n -i- x S Al (IL^ID')f (2.1.1) 

with equality if and only if K and L are dilates. 

Proof In view of the special case of Lemma B, we obtain that 


vj(KnE u ,Ln < v{K n e u ) { " v(l n^ 


( 2 . 1 . 2 ) 


with equality if and only if KDE U and L Pi E u are dilates. It follows if and only if K and L 
are dilates 1201 . 

From Lemma A, eq. (2.1.2) and in view of Minkowski inequality for integral ED, we 
have for i < n — 1, 


nWi(Ij{K,L)) = {\\v j (KnE u ,LnE ll )\\„- i ) n ~ i 

(||v(n:n£ u ) 2 S i v(Ln£„)^T|| n _,.y 


< 


(n—i)(n—j—l) j{n~i ) 

< (Hv^n^lU-i) {\\v{K^E u \\ n _i)^- 

= {nWi{IK)) {j ^r- (nWi{IL))d=* 

= nWi (IK) Wi (IL) th. 


(2.1.3) 


(*) 


In view of the conditions of (2.1.2) and Minkowski inequality for integral, it follows 
that the equality holds if and only if K and L are dilates. 

Moreover, we consider the case of i = n — 1 of the inequality (2.1.3). If i = n — 1, 
inequality (2.1.3) reduces to 

Wn-i(Ij(K,L)) n ~ l < W n -i(IK) n ~i~ l W n -i(ILy. 

From Lemma A, (*) changes to 

/■ r \ n -1 

/ Vj(KnE u ,LDE u )dS(u) 
kJS"- 1 

< (^J^v(KPE u )dS(u)\ 1 ^ n i v(Ln£ H )dS(K)Y. (**) 

On the other hand, integrating both sides of (2.1.2) and in view of Holder inequality for 
integral, we obtain 


/ v j(K^E Ul L^E u )AS(u) 

Js"- 1 

f v(KDE u ) n -1 v(Lr\E u )tt=tdS(u) 
Js"- 1 


< 


< 


n-i-l 

—r 


J v(KnE u )dS(u)j v ( LriE u) ds ( u ) 


J 
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Moreover, from inequality (2.1.3), we obtain 

Wi(Ij(K,L)) n ~ l < Wi(IK) n -J- l Wi(ILy, 
with equality if and only if K and L are dilates, and 

Wi(I j (D,D ')) n ~ 1 = Wi(ID) n ~ j - l Wi(ID'y. 

Hence, from the inequality in Lemma C, we have 

S i , i {I j {K,L),Ij{D,D')) <Wi{IKy n - j - 1 '>^ n ~ l '>W i (ILy^ n - l) 

< SdlK.ID'f-J-'SdlL.ID'y. 

The proof of Theorem 2.1.1 is complete. □ 

Remark 2.1.1. Taking D = D' = 0 and j = 1 to (2.1.1), (2.1.1) changes to 

Wi(h{K,L)) n ~ l < Wi{IK) n ~ 2 Wi{IL), 

with equality if and only if K and L are dilates. 

This is just a dual form of the following inequality which was given by Lutwak o 

The Minkowski inequality for mixed projection bodies. If K,L £ ■ZT n , and 0 < i < n, 
then 


Wi{Tli(K,L)) n - 1 > Wj(TlKy’- 2 Wi(IIL), 

with equality if and only if K and L are homothetic. 

A somewhat surprising consequence of Theorem 2.1.1 is the following version. 

Theorem 2.1.2. lfK,L £ t] C (p". and 0 ^ i <C n. while 0 < j < n — 1 and if either 

Wi(Ij(K,M)) = Wi(Ij(L,M)), for all M e t] (2.1.4) 

or 

Wj(Ij(M,K))=Wi(Ij(M,L)), for all M G T] (2.1.5) 

hold, then it follows that K = L, up to translation. 

Proof. Suppose (2.1.4) holds. Take K for M in (2.1.4) and use the inequality (2.1.1). We 
obtain 

Wi{IK) = Wi(Ij(L,K )) < Wi(IL) (jl ^Wi(IK )^t 

with equality if and only if K is a dilation of L. 

Hence 


WflK) < Wj(IL) 


with equality if and only if K is a dilation of L. 
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Similarly, take L for M in (2.1.4) and use again the inequality (2.1.1). We get 

WflK) > Wj(IL), 

with equality if and only if K is a dilation of L. 

Hence 


WflK) = WfIL) 

and K is a dilation of L. In view of the fact that the intersection bodies are centered, 
there exist X > 0 such that K = XL, and A(" _1 )("~‘) = 1, for 0 < i < n — 1. Therefore 
X = l. □ 

Similar sort of argument shows that condition (2.1.5) implies that K and L must be 
translates. 

Remark 2.1.2. Theorem 2.1.2 is just the dual form of the following ‘Theorem5.4’ which 
was given by Lutwak 115) . 

Theorem 5.4. lfK,L € y C ,"AX n , and 0 < i < n, while 0 < j < n — 1 and if either 
Wj(Tlj(K,M)) = Wi{Ylj(L,M )), for M e 7 


or 


Wi{Uj{M,K)) = Wi(Ylj{M,L )), forM&y 
hold, then it follows that K = L, up to translation. 

2.2 The Aleksandrov-Fenchel inequality for mixed intersection bodies 

The Aleksandrov-Fenchel inequality for mixed intersection bodies is as follows: If 
Ki,...,K n _i e <p" , then 

r 

V(I(K U ... ,K n -i)) < \\V(I(Kj,.. .,Kj,K r+1 ,... ,K n _i)) 

j= 1 '---' 

r 

with equality if and only if K\ ,.... K n \ are all dilations of each other. 

This is just the special case i = 0 of the following. 

Theorem 2.2.1. IfKi,... ,K n _ 1 £ tp", 0 < i < n, 0 < j <n — 1 and 0 < r < n — 1, then 

Wi (I (K\,... ,K n -i)Y < T1 Wi(I(Kj,... ,Kj,K r+ 1 ,... ,*„_!)) (2.2.1) 

j= 1 s -^" 

r 

with equality if and only ifK \,... 1 are all dilations of each other. 

Proof. When i = 1, inequality (2.2.1) reduces to the inequality in Lemma B. In the fol¬ 
lowing, we suppose that i < n — 1 . 
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From (1.1.3) and (1.2.2), we have that 

W i (I{K 1 ,...,K n - 1 )) = - I v(K 1 nE u ,...,K„_ l r\E u ) n ~'dS{u). (2.2.2) 

n Js"- 1 

By using the inequality in Lemma B, we easily get that 

v(K l nE u ,...,K n _ 1 nE u ) n ~ i 


< ( Y\v( KjGE Ul . , K jGE U; K r+l n rt£„) 


(2.2.3) 


with equality if and only if K\ HE,,, ■ ■ ■ ■ K n \ DE U are all dilations of each other. It follows 
if and only if K \,... ,K n -1 are all dilations of each other. 

On the other hand, the Holder’s inequality can be stated as (9) 


P m m / p 

/ , - n ( l i _ l (M u )) mds ( u ) 

i=i i=1 \ JS " 


1 jm 


(2.2.4) 


with equality if and only if all fj are proportional. 
From (2.2.2), (2.2.3) and (2.2.4), we obtain that 


, i (I(K u ...,K n _ l )) = - f v(K l nE u ,...,K n _ 1 nE u ) n ~ i dS{u) 

n Js ("-') 

<-/ (n v(KjCE u ,...,KjnE u , 
n Js“ - - v —:-- 


K r+ i fl K n _i n£ u ) d S(u) 


< 




jnE u ,...,KjnE u , 


Kr + inE u ,...,K n _iC\E u ) n 'dS(n) 


= ( I] W i(I (Kj, ■■ ■ ,Kj ,K r+ 1 ,... ,g„-Q) 

In view of the equality conditions (2.2.3) and (2.2.4), it follows that the equality holds 
if and only if K\,.... K n _ | are all dilations of each other. 

The proof is complete. □ 


Remark 2.2.1. The inequality (2.2.1) is just a dual form of the following inequality which 
was given by Lutwak G3 
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The Aleksandrov-Fenchel inequality for mixed projection bodies. If K\,... ,K n ~ i £ dff n , 
0 < i < n, 1 < j < n — 1 and 0 < r < n — 1 then 

w l (n(K [ ,... ,^„_ 1 )) r > n w,(n(^,... ,^-,^+1,... 0). 

7=1 '-•-' 

r 

From the case r = n — 1 of inequality (2.2.1), it is as follows. 

COROLLARY 2.2.1. 

If K \.... ,K, ,-i £ (p n , and 0 < i < n then 

W i (I(K u ...,K n -i)) n ~ 1 <Wi {IKi )---Wi {IK n -1 ), (2.2.5) 

w/f/j equality if and only if K\.... ,K„-\ are all dilations of each other. 

Remark 2.2.2. Corollary (2.2.1) is similar to the following ‘Theorem 5.2’ which was 
given by Lutwak m 

Theorem5.2. IfK\,...,K n -\ £ dff n , and 0 < i < n then 

w { (n(^,..., K n _! ))"-!> Wi (n«i) ■ • ■ Wi (.yik n -i), 

with equality if and only ifK\,... ,K„-\ are homothetic. 

Taking K\ = ■■■ = K n -j-\ = K and K n -j = ■■■ = K n -\ = L to (2.2.5), (2.2.5) reduces to 
(2.1.0).Taking K\ = ■ ■ ■ = K r = K, K r = L, and K r+1 = ■■■= K n -\ = B to (2.2.1), (2.2.1) 
changes to the following. 

COROLLARY 2.2.2. 

If K,L £ <p", and 0 < i < n and 0 < j < n — 1, then 

< Wi{IjK) n - j - 2 Wi(IjL), 

n-j-2 j 

with equality if and only if K and L are dilates. 

A somewhat surprising consequence of Corollary 2.2.2 is the following version for 
mixed intersection bodies. 

Theorem 2.2.2. IfK,L £ T) C (p", 0 < i < n — 1,0 < j < n — 1 and if either 
Wi(I(K^jjKjB,... ,B,M)) 

n-j -1 j 


= Wj(I(L, ...,L,B } ... ,B,M)), for all Met], 


n-j -1 


Wi(I(M,...,M,B,...,B,K)) 


n-j -1 


= W t (I(M,...,M,B,...,B,L)), 

n-j -1 j 


hold, then it follows that K=L, up to translation. 


for all M £ q. 


( 2 . 2 . 6 ) 


(2.2.7) 
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Proof. Suppose (2.2.6) holds, take K for M , use Corollary 2.2.2, and get 

W i (I j K)=W i (I(L 1 ^,B 1 _ : ^B,K)) 
n-j-l j 

KWiiljLjE&WtiljK)^ r, 

with equality if and only if K and L are dilates. 

Hence 


W,(IjK) < WfljL), 


with equality if and only if K and L are dilates. 

On the other hand, take L for M, use Corollary 2.2.2 again, and get 


WfljK) > WfljL), 


with equality if and only if K and L are dilates. 
Therefore 


Wi(IjK) = WfljL), 

where K and L are dilates and in view of the fact that the intersection bodies are cen¬ 
tered, there exists X > 0 such that K = XL. From (1.2.4), we have X^ n ~^~ l ^ n ~^Wi{IjL) = 
Wi(IjL), hence X = 1. 

Similar argument shows that condition (2.2.7) implies K=L. up to tanslation. □ 

Remark 2.2.3. Taking j = 0 to Theorem 2.2.2, it reduces to the following: 
if k, Lei] C (p u , 0 <i <n and if either 

Wi{h{K,M))=Wi{h{L,M)), for all Met] 


or 

Wj(Ii ( M,K))=Wi(h{M,L )), for all M & T] 

hold, then it follows that K = L, up to translation. 

This is just the special case j = 1 of Theorem 2.1.2. 

2.3 The Brunn-Minkowski inequality for mixed intersection bodies 

The Brunn-Minkowski inequality for intersection bodies, which will be established is: If 
K,L& <p", then 

V(I(K+L)) 1 /< n ~ l '> < + V(IL) l ^ n ~ 1 \ 

with equality if and only if K and L are dilates. 

This is just the special case i = 0 and a = 1 of the following. 
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Theorem 2.3.1. IfK,L e <p", Ant/ 0 < i < n, then for 0 < a < 1, 

Wi(I(K+L)) 1 ^ n - i ^ n ~ l '> < Wi(I(aK+( 1 - a)L)) 1/( "“ ! ' )( " _1) 

+ W/(7((1 — (2.3.1) 

with equality if and only if {aK+{ 1 — Ct)L) and (1 — Ol)K+aL are dilates. 

Proof Let M = (L\ , ... ,L„_2). from (1.1.1), (1.1.3), (1.2.3) and in view of the Minkowski 
inequality for integral 0, we obtain that 

Wi(I(K+L,M)y 1/( ”“° = IIP {I{K+L,M), u)\\ n -i 

= n- l ^\\p(I(K,M)+I(L,M ), «)!!„_,■ 

= n- 1/( "- <) || p(I(K,M),u) + P (.I{L,M),u)\\ n - t 

< n-VC^-O (|| ap{I(K,M),u) 

+ (1 - a)p(I{L,M),u)\\ n -i+ ||(1 - a) 
xp(I(K,M) ,u) + ap (I(L,M),u)\\ n —i) 

= n - l/{n ~ i] {\\p{a-I(K, M)+(l - a) 
x I(L,M),u)\\ n -i + ||p((l — a) -I(K,M) 
+aI(L,M),u)\\„-i) 

= n- l ^ n - i H\\p{I{a-K+{\- a)L,M),u)\\ n -i 
+ ||p(/((l - a) ■ K+aL,M),u)\\„-i) 

= Wi(l(a ■ K+(l - 

+ W i {l{l-a)-K+aL,M)) 1/ ( n - i \ (2.3.2) 

On the other hand, taking L\ = ■■■ = L n 2 = K+L to (2.3.2) and apply the inequality 
(2.1.0) twice, we get 

W i (I(K+L)) 1 ^ n ~^ <Wi(I n - 2 (cc ■ K+(l — a)L,7f+L)) 1/( " _,) 

+ Wi(/n-2((l - a)-K+aL,K+L)) inn - i] 


< Wi(I(a-K+( 1 - a)L)) 1 ^ n ~ l ^ n ~ i ' > 
x W i {I{K+L)) {n ~^ l(n ~ V){ - n ~ i) 

+ W,-(/((l - a) ■ 7r+aL)) 1/( ' 1_1)( "“ , ' ) 

x W i (I(K+L))^ n ~ 2 ^^ n ~ 1 ^ n ~‘\ (2.3.3) 

with equality if and only if a ■ 7f+(l — a)L, (1 — a) ■ K+aL and M = K+L are dilates. 
Combining this with the equality condition of (2.3.2), it follows that the condition holds 
if and only if K and L are dilates. 

Dividing both sides of (2.3.3) by Wi(I(K+L))^ n ~ 2 ^^ n ~ l ^ n ~ l \ we get the inequality 
(2.3.1). 

The proof is complete. □ 
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Taking a = 1 in inequality (2.3.1), we have the following. 

COROLLARY 2.3.1. 

If K.L £ <p", and 0 < i < n, then 

W;(/(X'+L)) 1 / 1 ) < Wj(IK) 1 /( B-i )( B_1 ) -|- Wj(IL) ! /( B_ 0( B_1 ) f (2.3.4) 

with equality if and only if K and L are dilates. 

Remark 2.3.1. From inequalities (2.3.4) and (1.2.4), we obtain that 

W)(/(atf+(l - a)L)) 1 /(" -< )(»- 1 ) < «(7/C) 1 /(»-0(«-i) 

+ (1 - a)W i (IL) l ^ n - i ^ n -^ (2.3.5) 

and 

W,(/((l - a)K+aL)) l ^ n ~^ n ~ l '> < (l-a)l(7ST) 1 /(«-0(«-!) 

+ (2.3.6) 

From (2.3.5) and (2.3.6), we obtain that 

Wi(I(aK+( 1 - a)L)) 1 /( n ^( n “ 1 ) + W|(/((l - a)/r+aL)) 1 / (n “ , ^"“ 1 ) 

This shows that inequality (2.3.1) is a strengthened form of inequality (2.3.4). 

Remark 2.3.2. Inequality (2.3.4) is just a dual form of the following inequality which was 
given by Lutwak m 

The Brunn-Minkowski inequality for mixed projection bodies. If K. L £ ,%f", and 0 < i < 
n , then 

with equality if and only if K and L are homo the tic. 
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